Chapter 4

The quantum theory of light

In this chapter we study the quantum theory of interaction between light and mat-
ter. Historically the understanding how light is created and absorbed by atoms
was central for development of quantum theory, starting with Planck’s revolution-
ary idea of energy quanta in the description of black body radiation. Even if now
the theoretical understanding of the quantum theory of light is embedded within
the more complete quantum field theory with applications to the physics of €l-
ementary particles, the quantum theory of light and atoms has continued to be
important and to be developed further. We will study the quantum description of
the free electromagnetic field and the description of single photon processes. But
we will also examine some coherent many-photon processes that are important in
the application of quantum optics today.

4.1 Classical electromagnetism

The Maxwell theory of electromagnetism is the basis for the classical as well
as the quantum description of radiation. With some modifications due to gauge
invariance and to the fact that this is a field theory (with an infinite number of
degrees of freedom) the quantum theory can be derived from classical theory by
the standard route of canonical quantization. In this approach the natural choice
of generalized coordinates correspond to the field amplitudes.

In this section we make a summary of the classical theory and show how alLa
grangian and Hamiltonian formulation of electromagnetic fields interacting with
point charges can be given. At the next step this forms the basis for the quantum
description of interacting fields and charges.
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4.1.1 Maxwell’'sequations

Maxwell’s equations (in Heaviside-L orentz units) are

V-E = p
10E 1
B-— = 5j
VX c Ot cJ
V-B = 0
10B
V><E+—a— = 0 (4.2
c Ot

with E and B asthe electric and magnetic field strengths and p and j asthe charge
density and current density. The equations are invariant under the relativistic
Lorentz transformations, and this symmetry is manifest in a covariant formula-
tion of the equations. In the covariant formulation the electric and magnetic fields
are combined in the electromagnetic field tensor F'*¥, where the indices ;. and v
run from 0 to 3. u = 0 represents in the usual way the time component of the
space-time coordinates and ;. = 1, 2, 3 the space components. ! Written as a ma-
trix the field tensor takes the form (when the first line and row correspond to the
0'th component),

0o E, E, E,
| -E, 0 . —B,
e (4.2)

~E. B, —-B, 0

The dual field tensor is defined by £ = (1/2)e#**° F,,, where ¢#* isthe four-
dimensional Levi-Civita symbol, which is anti-symmetric in permutation of all
pairs of indices, and with the non-vanishing elements determined by the condition
€123 = +1. (Note that in this and other relativistic expressions we apply Ein-
stein’s summation convention with summation over repeated (upper and lower)

indices.) In matrix form the dual tensor is

1We shall use the rel ativistic notation where the metric tensor has the diagonal matrix elements
goo = —1,9;; = +1,i = 1,2, 3. Thismeansthat there is a sign change when raising or lowering
the time-index but not a space index, in particular z# = (ct,r) and 2, = (—ct,r). We aso
use the short hand notations for differentiation, 9, = -2, and when convenient 9,¢ = ¢,,, and
OA,=A,, .
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0 B, B, B,
-B, 0 —E. BE,
-B, E. 0 —E,
-B. —-E, E, 0

(4.3

When written in terms of the field tensors and the and the 4-vector current density
j* = (cp,j) Maxwell’s equations gets the following compact form

o F" = —j
C

o,F" = 0 (4.4)

The Maxwell equations are, except for the presence of source terms, sym-
metric under the duality transformation F** — FEF*, which corresponds to the
following interchange of electric and magnetic fields

E—-B, B—-E (4.5)

In fact, the equations for the free fields are invariant under a continuous electric-
magnetic transformation, which is an extension of the discrete duality transfor-
mation,

E — cosbE +sinfB
B — —sinfE + cosfB (4.6)

This symmetry is broken by the source terms of the Maxwell equation.

Formally the symmetry can be restored by introducing magnetic charge and
magnetic current in addition to electric charge and current. In such an extended
theory there would be two kinds of sources for electromagnetic fields, electric
charge and magnetic charge, and in the classical theory such an extension would
be unproblematic. However for the corresponding quantum theory, some interest-
ing complications would arise. The standard theory is based on the use of elec-
tromagnetic potentials, which depend on the “magnetic equations’ being source
free.

A consistent quantum theory can however be formulated with magnetic charges,
provided both el ectric and magnetic charges are associated with point particlesand



108 CHAPTER 4. THE QUANTUM THEORY OF LIGHT

provided they satisfy a quantization condition.? Thisis interesting, since such a
consistence requirement would give a fundamental explanation for the observed
guantization of electric charge. Theoretical considerations like this have, over the
years, lead to extensive searches for magnetic charges (or magnetic monopoles),
but at this stage there is no evidence for the existence of magnetic charges in
nature.

We will here follow the standard approach and assume the Maxwell equations
(4.1) without magnetic sources to be correct. This admits the introduction of
electromagnetic potentials

10

E=-Vo- - A, B=VxA (4.7)

In covariant form thisiswritten as
P = gAY — OV A* = AVH — ARV (4.8)

where A* are the components of the four potential, A = (¢, A). When the fields
E and B are expressed in terms of the potentials, the source free Maxwell equa-
tions are automatically fulfilled and the inhomogeneous equations get the covari-
ant form

1
8,0" AP — JrO, AV = — = j#
C

(4.9
Separated in time and space components the equations are
0
2 _— . — J—
Vo + atV A p
2p A LP N 10 L
VA -V (V- -A) c28t2A CathzS = = (4.10)

4.1.2 Field energy and field momentum

Maxwell’ equations describe how moving charges give rise to electromagnetic
fields. The fields on the other hand act back on the charges, through the Lorentz

2Dirac’s quantization condition relates the strength of the fundamental electric charge e to
the fundamnetal magnetic charge ¢ in the following way, eg/(4whc) = 1/2. Since the (elec-
tric) fine structure constant is small, a. = e?/(4whc) ~ 1/137, the quantization condition
gives a correspondinly large value to the magnetic fine structure constant, o, = ¢2/(4whc) =
(eg/(4mhc))? x [e2/(4mhe)] 1 ~ 137/4.
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force, which for a pointlike charge ¢ it has the form
F=¢E+ " xB) (4.11)
C

When the field is acting with a force on the charged particles this implies that
energy and momentum istransferred between the field and the particles. Thus, the
electromagnetic field carries energy and momentum, and the form of the energy
and momentum density can be determined from Maxwell’s equation and the form
of the Lorentz force, by assuming conservation of energy and conservation of
momentum.

To demonstrate this we consider a single pointlike particle is affected by the
field, and the charge and momentum density therefore can be expressed as

p(r,t) = qé(r—r(t))
i(r,t) = qv(t)o(r —r(t)) (4.12)

wherer(t) and v(t) describe the posision and velocity of the particle of the particle
asfunctions of time. The time derivative of thefield energy £ will equal the effect
of the work performed on the particle

jté' =—F.-v=—qv- E (4.13)

By use of the field equations we re-write it in the following way

jtg - —/d3rj-E
- —/'d?’r[cE-(VxB)—E-%ﬂ
= /dST[E-%—?+B-%—?—cV-(ExB)}
_ %% [ B2+ B (4.14)

wherein the last step surface termsin the integral have been disregarded, since we
may assume that the fields fall off sufficiently rapid at infinity. The corresponding
expression for the energy is

£ = / d%é 2+ B (4.15)
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In asimilar way we consider the change in the field momentum P,

d \%
—P=-F=—qE+-xB 4.1
it ¢(E+— x B) (4.16)
Thiswere-write as
d . 1,
dftP = —/dr_pE—kyxB]
= —/d3r'E(V-E)+(VxB—1§E) x B
. C
= /d3r (VxE)xE+(VxB—1§E)xB]
C
10
_ 3 _ - —
— /d CatB E+_ExB|

= — [dr-ExB
dt/rc><

where again surface terms have been neglected. The expression for the field mo-
mentum is then

(4.17)

P = /d%lE « B (4.18)
&

In the relativistic formulation the energy density and the momentum density
are combined in the symmetric energy-momentum tensor,

1
T = —(F"F} + 19" FpaF") (4.19)

The energy density corresponds to the time component 7°° and the momentum
density (times c) to the component 7%, i = 1, 2, 3.

4.1.3 Lagrangeand Hamilton formulationsof the classical M axwell
theory

The Lagrangian density

Maxwell’ equation can be derived from a variational principle, similar to Hamil-

ton’sprinciplefor amechanical system. Sincethevariableisafield, i.e, afunction
of both r and ¢, the action is an integral over space and time, of the form

S[A"(r, / iz L(A", AP (4.20)
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where L is the Lagrangian density and 2 is the chosen space-time region. The
Lagrangian density isalocal function of the field variable A* and its derivative,

1 1
L= FuF"™ + A, (4.21)

with F# = A»* — AP treated as a derivative of the field variable.

A dynamical field, i.e., a solution of Maxwell’s equations for given boundary
conditions (on the boundary of €2), corresponds to a solution of the variational
equation,

5S =0 (4.22)

where this condition should be fulfilled for arbitrary variations in the field vari-
ables, with fixed values on the boundary of 2. The equivalence between this vari-
ational equation and the differential (Maxwell) equations is shown in the same
way as for the equation of motion of a mechnical system, with a discrete set of
coordinates.

The variation in S is, to first order in the variation of the field variable A",
given by

5S = /d4x [;fu . ay(%)}(w (4.23)
Q

where in this expression we have made a partial integration and used the fact
that § A* vanishes on the boundary of €. Since the variation should otherwise
be free, the variational equation (4.22) is satisfied only if the field satisfies the
Euler-Lagrange equation

oL ( oL )=0 (4.24)

QAR VN9 Amv

With £ given by (4.21) it is straight forward to check that the Euler-Lagrange
equation reproduces the inhomogeneous Maxwell equations.

The canonical field momentum

The Lagrange and Hamilton formulations give equivalent descriptions of the dy-
namics in analytical mechanics. Also in the case of field theories, a Hamiltonian
can be derived from the Lagrangian density, but with electromagnetism there are
some complications to be dealt with. We first note that the Lagrangian formu-
lation is well suited to fit the relativistic invariance of the theory, since it makes
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no difference in the treatment of the space and time coordinates. That is not so
for the Hamiltonian formulation, which does distinguish the time direction. This
carries over to the (standard) quantum description, where time is distinguished in
the Schrodinger equation. This does not mean that relativistic invariance cannot
be incorporated in the Hamiltonian description, but it is not as explicit as in the
Lagrange formulation.

To define the Hamiltonian we first need to identify a set of independent vari-
ables and their corresponding canonical momenta. As field variables we tenta-
tively use the potential A*(r), where r can be viewed as a continuous and . as a
discrete index for the field coordinate. (For a mechanical system r and ;. corre-
spond to the discrete index & which |abel s the independent generalized coordinates
qx.) Likethefield variable, the canonica momentum now is afield, 7# = 7#(r).
It is defined by

oL 1 0L
aA# n C 8AM70
We note here the different treatment of the time and space coordinate.

The Lagrangian density (4.21) givesthefollowing expression for the canonical
field momentum

=

(4.25)

1 0 1 1
b= - ——(A, A — A AV — — APy
™ c aAup |: 2( 122 My ) c ]Ni|

1
= -~ (4.26)
C

The space part (1 = 1,2,3) is proportional to the electric field, but note that
the time component vanishes, 7° = 0. Also note that the canonical momen-
tum defined by the Lagrangian is this way is not directly related to the physical
momentum carried by the electromagnetic field, as earlier has been found from
momentum conservation.

The fact that there is no canonical momentum corresponding to the field com-
ponent A° indicates that the choice we have made for the generalized coordinates
of the electromagnetic field is not complitely satisfactory. The field amplitudes
A* cannot all be seen as describing independent degrees of freedom. This hasto
do with the gauge invariance of the theory, and we proceed to discuss how this
problem can be handled.

Gauge invariance and gauge fixing
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We consider the following transformation of the electromagnetic potentials

10

where y isa(scaar) function of space and time. In covariant formitis
AP — AM = AF 4 OMy (4.28)

Thisisagauge transformation of the potentials, and it is straight forward to show
that such atransformation leaves the field strengths E and B invariant. The usual
way to view the invariance of the fields under this transformation isthat it reflects
the presence of a non-physical degree of freedom in the potentials. The poten-
tials define an overcomplete set of variables for the electromagnetic field. For
the Hamiltonian formulation to work it is necessary to identify the independent,
physical degrees of freedom.

There are two different constraints, or gauge conditions, that are often used to
remove the unphysical degree of freedom associated with gauge invariance. The
Coulomb (or radiation) gauge condition is

V-A=0 (4.29)
and the Lorentz (or covariant) gauge condition is
9 A" =0 (4.30)

The first one is often used when the interaction between radiation and atoms is
considered, since the electrons then move non-relativistically and therefore there
IS no need for a covariant form of the gauge condition. This is the condition we
will use here. The Lorentz gauge condition is often used in the description of in-
teraction between radiation and relativistic electrons and other charged particles.
The relativistic form of the field equations then are not explicitely broken by the
gauge condition, but the prize to pay isthat in the quantum description one has to
include unphysical photon states.

Hamiltonian in the Coulomb gauge
In Coulomb gauge Maxwell’s (inhomogeneous) equations reduce to the following
form

Vip = —p (4.31)
VA = (4.32)
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Where
ir=3j— §V¢ (4.33)
Jr =1 ot .

is the transverse component of th current density.® It satisfies the transversality
condition as a consequence of the continuity equation for charge,

. . 0
Vejr = V. j-5V%
= Vg
=0 (4.34)

We note that the equation for the scalar field ¢ contains no time derivatives, and
can be solved in tems of the charge distribution,

/ i Pt (4.35)

drlr — 1| r’]

This is the electrostatic (Coulomb) potential of a stationary charge distribution
which coincideswith thetrue charge distribution p(r, ¢) at timet. Notethat therel-
ativistic retardation effects associated with the motion of charges are not present,
and the vector potential A istherefore needed to give the correct relativistic form
of the electromagnetic field set up by the charges.

The ¢-field carries no independent degrees of freedom of the electromagnetic
field, it is fully determined by the position of the charges. The dynamics of the
Maxwell field is then carried solely by the vector potential A. In the quantum
description the photons are therefore associated only with the field amplitude A
and not with ¢.4

3Any vector field j(r) can bewritten asj = jr + jr, where V - jr = 0 and Vxjr, = 0. jr is
referred to asthe transverse or solenoidal part of thefield and ji, asthelongitudinal or irrotational
part of the field. In the present case, with j;, = —V ¢ theirrotational form of j;, follows directly,
while the transversality of jr follows from charge conservation.

4A curious consequence is that whereas for a stationary charge there are no photons present,
only the non-dynamical Coulomb field, for a uniformly moving charge there will be a”cloud” of
photons present to give the field the right Lorentz transformed form. This is so even if there is
no radiation from the charge. We may see this as a consequence of the Coulomb gauge condition
and our separation of the system into field degrees of freedom (photons) and particle degrees of
freedom. Inreality, for the interacting system of charges and fields this separation is not so clear,
since on one hand the Coulomb field is non-dynamically coupled to the charges, and on the other
hand is dynamically coupled to the radiation field.
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Expressed in terms of the dynamical A field the Lagrangian density gets the
form

1 1
L= — FuF"™+ A

_ L 1Al Lwoz L 2 LA
= 5 aAT+ A Vo (Vo) — (VX AP+ 7j- A — po(4.30)

Two of the termswe re-write as
lA.ng — 1V-(A¢)—1¢V-A
C C C
= %V-(A@ (4.37)
and
! Vo) = 1V \% ! v?
5( 9)° = 3 (¢ 925)—5(925 ?)
= LV (6V) +1po (4.38)

where the Coulomb gauge condition has been used in the first equation. We note
that the divergences in these expressions give unessential contributionsto the La-
grangian and can be deleted. Thisis so since divergences only give rise to surface
termsin the action integral and therefore do not affect the field equations.

With the divergence terms neglected the Lagrangian density gets the form °

B 1
- 2¢2

. 1 1 1
L A2—§(V><A)2+Ej-A—§pgb (4.39)
The field degrees of freedom are now carried by the components of the vector
field, which still has to satisfy the constraint equation V - A = 0. The conjugate
momentum is
r— Ll A= —EET (4.40)
C

c2

5In this expression we have used the freedom to replace the transverse current j; with the full
current j, which is possible since the difference gives rise to an irrelevant derivative term. Note,
however, that when the full current is used, the transversality condition V - A hasto beimposed as
aconstraint to derive the correct field equations from the Lagrangian. When the A-field is coupled
to the transverse current, that is not needed.
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where E; denotes the transverse part of the electric field, the part where —V ¢ is
not included.

So far we have not worried about the degrees of freedom associated with the
charges. We will now include them in the description by assuming the charges to
be carried by point particles. This means that we express the charge density and
current as

j(r,t) = Z eivi(t)o(r —r;(t)) (4.42)

where the sum is over all the particles with r;(¢) and v;(¢) as the position and
velocity of particle: asfunctions of time. The action integral of the full interacting
system we write as

S = / &PrL = / &1 (L ieta + Lint + Lyart) (4.42)

where Lyq + Line 1S the space integral of the Lagrangian density (4.39) and
L. 1s the standard Lagrangian of free non-relativisic particles. By performing
the space integral over the charge density and current, we find the following ex-
pression for the Lagrangian,®

/d?’r[%AQ — 1(V X A)} + Z %Vi - A(r;)
1

_ee
—3 Z Inlr, Z —mv? (4.43)

i#j - r]’

The corresponding Hamiltonian is found by performing a (Legendre) transforma-
tion of the Lagrangian in the standard way

H = /d‘?’Tﬂ'-A—i—Zpi-vi—

1 .
= [ BB Y Y (b CA)

1<j [ | i

(4.44)

SFor point charges an ill-defined self energy contribution may seem to appear from the
Coulomb interaction term. It is here viewed as irrelevant since it gives no contribution to the
interaction between the particles and is therefore not included. In a more complete field theo-
retic treatment of the interaction of charges and fields such problems will reappear and have to be
handled within the framework of renormalization theory.
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This expression for the Hamiltonian is derived for the classical system of inter-
acting fields and particles, but it has the same form as the Hamiltonian operator
that is used to describe the quantum system of non-relativistic electrons interact-
ing with the electromagnetic field. However, to include correctly the effect of the
magnetic dipole moment of the electrons, a spin contribution has to be added to
the Hamiltonian. It has the standard form of a magnetic dipole term,

Hoypin = -3 208, B(ry) (4.45)

2m;c

7

where g; is the g-factor of particle 7, which is close to 2 for electrons. Often
the spin term is small corresponding to the other interaction terms and can be
neglected.

4.2 Photons—the quanta of light

With the degrees of freedom of the electromagnetic field and of the electrons
disentangled, we may consider the space of states of the full quantum system as
the product space of afield-state space and a particle-state space,

H = Hfield ® Hparticle (446)

In this section we focus on the quantum description of the free electromagnetic
field, which defines the space H f,.;4 and the operators (observables) acting there.
The energy eigen states of the free field are the photon states. When we as a
next step include interactions, these will introduce processes where photons are
emitted and absorbed.

4.2.1 Constructing Fock space

Since the field amplitude A is constrained by the transversality condition V -
A = 0 it is convenient to make a Fourier transform to plane wave amplitudes.
In a standard way we introduce a periodicity condition on the components of the
space coordinate r, so that the Fourier variable k; = 27n;/L with L as a (large)
periodic length and n; as a set of integers for the componentsi = 1,2, 3. Thefield
amplitude then can be written as a discrete Fourier sum

Alr,t) = % S5 A (t) g™ (4.47)

k a=1



118 CHAPTER 4. THE QUANTUM THEORY OF LIGHT

wherethe V' = L2 isthe normalization volume and the vectors ¢, are unit vectors
which satisfy thetransversality condition k- €, = 0. Thereisno further constraint
on the transverse amplitudes Ay, which can be taken to represent the independent
degrees of freedom of thefield.

We note that the corresponding solutions of the classical field equations are
the normal modes of the field, which in free space are the plane wave solutions,

Ara(t) = AL e =ck (k= |k|) (4.48)

They represent waves of monochromatic, polarized light. The two vectors €, are
the polarization vectors, which may be taken to be two orthonormal, real vectors
perpendicular to k. The two field modes then correspond to linearly polarized
plane waves. The polarization vectors may also be taken as complex superposi-
tions of the two real vectors, in which case they correspond to circularly, or more
generaly to elliptically polarized light.

The Lagrangian of the free electromagnetic field expressed in terms of the
Fourier amplitudesis

L= % ; [0—12A1taAka — kAL, A (4.49)
We note that there is no coupling between the different Fourier components, and
for each component the Lagrangian has the same form as for a harmonic oscil-
lator of frequency w = ck. The variables are however complex rather than real,
since redlity of the field A(r) gives arelation between Fourier components with
different values of k,

AL = Al (4.50)

where a is defined by €, = €_xz. Thus, the variables in (4.49) correspond to
the complex coordinate = of the harmonic oscillator rather than the real =. A
rewriting of the Lagrangian in tems of real variables is straight forward, but it is
more convenient to continue to work with the complex variables.
The conjugate momentum to the variable Ay, is
I L L
ka — g ka — _E ka (451)

where Ey, is the Fourier component of the electric field. From this the form of
the free field Hamiltonian is found

H = Y A — L

ka
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1
= 5( B} Bya + KA}, Ae) (4.52)

ka

which is consistent with the earlier expression found for the Hamiltonian of the
electromagnetic field (4.44).

Quantization of the theory means that the classical field amplitude and field
strength are now replaced by operators, which satisfy the canonical commutation
relations

(Bl Ais] = —% [ﬁlm Ak,b] — e O O (4.53)
It is convenient to change to new variables,
Ava = o) 5—(tka +ay,)
Bva = iy —(ika —al ) (4.54)

where the reality condition (4.50) has been made explicit. In tems of the new
variables the Hamiltonian takes the form

~ 1
H=>% §ﬁwk(&kaflfm + ) ika) (4.55)
ka
and the canonical commutation relations are
[&kaa &Lb} = O Oab
[ka, Gren] = 0 (4.56)

Expressed in this way the Hamiltonian has exactly the form of a collection of
independent quantum oscillator, one for each field mode, with a,,, aslowering op-
erator and dfw asraising operator in the energy spectrum of the oscillator |abelled
by (ka).

It is convenient to work, in the following, in the Heisenberg picture, where the
observables are time dependent. In this picture the field amplitude, which is now
afield operator, and the electric field get the following form,

N h ~ i(kr—w ~ * _—i(kr—w
Afrt) = > c 2V wy o €rae ™ ) + e o7 T |

~ h ) )
E(I‘, t) = ZZ QL‘/k [dkaekael(k.riwkt) - dLael*{aeil(k.riwkt)} (457)
ka



120 CHAPTER 4. THE QUANTUM THEORY OF LIGHT

The state space of the free electromagnetic fi
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The energy operator, which isidentical to the Hamiltonian, has the same form
asthe classical field energy. It is diagonal in the Fock basis and can be expressed
in terms of the photon number operator
= /dST%(EQ + 32)

A

1 At A
= Zihwk(aﬂaaka%—akaala)
ka

= Y (Bt )
ka
One should note that the vacuum energy isformally infinite, since the sum over the
ground state energy %wk for all the oscillators diverges. However, since thisis an
additive constant which is common for al statesit can be regarded as unphysical
and simply be subtracted. The vacuum energy is on the other hand related to
vacuum fluctuations and in this way it is connected to properties of the quantum
theory that has real, physical effects.
In a similar way the classical field momentum is replaced by an operator of
the same form,

(4.65)

P = /d3rl(]§]x]§)
c

1
= > Shk(af ik + Gralyy,)
ka 2
= 3 kN, (4.66)
ka
The energy-momentum relation for a single photon, iw;, = h|k|, shows that the
photons behave like massless particles.

4.2.2 Coherent and incoherent photon states

In the same way as for the quantum description of single particles, we may view
expectation values of the fields to represent classical field configurations within
the quantum description. The fields will not be sharply defined since there will
in general be quantum fluctuations around the expectation values. In particular
we note that the expectation value of the electric field takes the usual form of a
classical field expanded in plane wave components

<E<I‘,t)> = ZZ Z—L‘ufk [&kaekaei(k.rﬂ%t) - O‘liaeliaeii(k'ria%t)} (467)
ka
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where oy, and o, are expectation values of the annihilation and creation opera-
tors.

0o = {iina) + O, = (0, ) (4.68)

We note from these expressions the curious fact that for Fock states, with a
sharply defined set of photon numbers, the expectation values vanish. Such states
which may be highly excited in energy, but still with vanishing expectation values
for electric and magnetic fields are highly non-classical states. Classical fields, on
the other hand, correspond to states with ahigh degree of coherence, in theform of
superposition between Fock states. As already discussed for the one-dimensional
harmonic oscillator, the coherent states are minimum uncertainty states in the
phase spase variables. Here these variables are represented by the field amplitude
A(r,t) and the lectric field strength E(r, t). For asingle field mode the coherent
state has the form as discussed in section (1.3.3) for the harmonic oscillator

2 (v a Nka
|aka> — Z 6_%‘aka| (\}(% —‘|nka> (4.69)
Nka a:

where oy, isrelated to the expectation values of a,,, and df(a asin (4.68). Thefull
coherent state of the electromagnetic field is then a product state of the form

V) =1 loxa) (4.70)

ka

and the expectation value of the electric field is given by (4.67).
The fluctuations in the electric field for the coherent state can be evaluated in
terms of the following correlation function

Cij(xr —1') = (Ei(r)E;(r')) — (Ei(r)) (E;(r))

o hCL)k ik~(r—r’) k’lk]
- % 2y € (0 = 327)
Ch . / kk
dPPkke™ (g, — 2 4.71
- 2(27r)3/ ‘ ( i) .71

where in the last step we have taken the infinite volum limit. For large & this
integral has an undamped oscillatory behaviour, but the integral can be made well
defined by introducing a damping factor e¢=<* and taking ¢ to 0. We introduce the
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|r-r|
1.5 2 2.5 3 3.5 a4

Figure 4.1: The correlation function for the electric field in a coherent state,
Cij(r — 1) = (Ei(r)E;(r')) — (Ei(r)) (E;(r")). Theform of the non-vanishing
elements, i = j, isshown asthe function of distancer — r’ between two pointsin
Space.

short hand notation a = r — r’ and write the integral as

Cij(r—1') = 2<§Z)3 (ai % — i zk: (%k@iak) /d3k%eik~ae—ek
= oy B~ L ey )
= 7;24 <2G;Zj — 0ij)
= _ﬁ(dij ol 1:%32— x;)) (4.72)

We note the fall-off of the correlation with separation between the two points and
also notes that the function diverges asr — r’. This divergence is typical for
field theories and reflects the fact that the physical fields cannot be defined with
infinite resolution. A way to avoid such infinitiesisto define the physical field by
averaging over a small volume. This introduces effectively a momentum cut-off
in the Fourier transformation of the field.

The expression for the correlation function is independent of which of the
coherent states that is chosen. This meansin particular that it is the same for the
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vacuum state and can be viewed as demonstrating the presence of the vacuum
fluctuations of the electric field.

A similar calculation for the magnetic field shows that the correlation function
Is the same as for the electric field. Thisis typical for the coherent state which
Is symmetric in its dependence of the field variable and its conjugate momentum.
Since A and E are conjugate variables, the electric and magnetic fields do not
commute as operator fields. Formally the commutator is

[Bi(r), E;(x")] = 6;;V x 0(r — 1) (4.73)

where one should express it in terms of the Fourier transformed fields in order
to give it amore precise meaning. There are states where the fluctuations in the
E-field are supressed relative to that of the vacuum state, but due to the non-
vanishing of the commutator with B, the fluctuations in the B-field will then be
larger than that of the vacuum. States with reduced fluctuations in one of the
fields, and which still satisfy the condition of minimum (Heisenberg) uncertainty
for conjugate variables, are often referred to as squeezed states.

Radio waves, produced by oscillating currents in an antenna, can clearly be
regarded as classical electromagnetic waves and are well described as coherent
states of the electromagnetic field within the quantum theory of radiation. The
mean value of the fields at the recelver antenna induces the secondary current
that creates the electric signal to the receiver. Also for shorter wavelengthsin the
microwave and the optical regimes coherent states of the electromagnetic can be
created, but not by oscillating macroscopic currents. In masers and lasers the in-
trinsic tendency of atoms to correlate their behaviour in a strong electromagnetic
field is used to create a monocromatic beam with a high degree of coherence.
Ordinary light, on the other hand, as emitted by a hot source is highly incoher-
ent, since the emission from different atoms only to a low degree is correlated.
This means that normal light is highly non-classical in the sense that it cannot be
associated with a classical wave with oscillating (macroscopic) values of E and
B.

To demonstrate explicitely the non-classical form on the radiation from a hot
source, we consider light in athermal state described by a density operator of the
form

p=NePH N = (TrePH)=1 | 8= (kgT)!
(4.74)

We first calculate the expectation value of the photon numbers
Nka = <Nka>
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= NTr(e i ol ay,)
= N Tx( o~ Bhwal, i le(a oBhwal  ana o—Bhwal, i Gitca)
= NTr(e_Bh‘” &La e‘ﬁh“aia&k“dka)
= e N Tr( e’ﬁh“dicadk“dkadfm)
— e N Tr(e PPtk (0 g + 1))
e P (g + 1) (4.75)
which gives

1

Mka = g (4.76)

Thisis the well-known Bose-Einstein distribution for photons in thermal equilib-
rium with a heat bath. From this distribution the Planck spectrum can be deter-
mined. The total radiation energy is

f: == Z hwknka
ka

=Y /d%#
(&

(27)? o — 1
Vh w?
- s / do—e— (4.77)

This corresponds to the following energy density per frequency unit to be

h w3

u(w) = w23 efhw — 1

(4.78)

which displays the form of the Planck spectrum.
We now consider the expectation values of the photon annihilation and cre-
ation operators. A similar calculation as for the number operator gives

<&La> = N Tr(e_ﬁh“’&f(adka al,)
= N Tr(e‘ﬁhw‘ilaéka &Laeﬁhmladka e—ﬁhwﬁfm&ka)
= /\/’Tr(e—ﬂhw le{a e—ﬁhwa}maka)
— e PhwNs Tr( 6fﬁhwdltaaka&;r{ )
e (k) (4.79)
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Figure 4.2: The Planck spectrum. A schematic experimental set up is shown
where thermal light is created in a cavity surrounded by a heat bath (an oven).
The radiation escapes through a narrow hole and can be analyzed in a detector.
Theright part of the figure shows the intensity (energy density) of the radiation as
afunction of wave length for three different temperatures.

This shows that the expectation value of the creation operator vanishes. A similar
reasoning applies to the annihilation operator, so that

(al,) = {ina) =0 (4.80)

As a conseguence the expectation value of the electric and magnetic field vanish
identically

(E(r,t)) = (B(r,t)) =0 (4.81)

The last result for the expectation values of the electric and magnetic field
strengths may be expected since thermal ligth is unpolarized. Due to rotational
invariance no direction can be distinguished, which means that the expectation
values for the vector fields E and B should vanish. We note that in aclassical de-
scription the E and B fields cannot vanish identically unless there is no radiation
present. Rotational invariance can therefore be restored for a classical radiation
field only by introducing statistical fluctuatuations in the fields which average
out the field without setting E? and B? to zero. However, the form of the den-
sity matrix (4.74) shows that the vanishing of the expectation values is not due
to statistical averaging over classical configurations. The density matrix can be
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interpreted as describing an incoherent mixture (i.e., astatistical ensemble) of en-
ergy eigenstates, where each of these is a Fock state with vanishing expectation
values for the electromagnetic field strengths. The vanishing of the expectation
values therefore is due to quantum fluctuations of the fields rather than statistical
fluctuations.

Thisview of light, that it cannot be seen as (a statitistical mixture of), classical
field configurations may seem to be problematic when confronted with the classi-
cal demonstrations of the wave nature of light, in particular Young's interference
experiments. This experiment seems to confirm the picture of light as (classical)
waves that can interfere constructively or destructvely, depending on the relative
phases of partial waves of light. However, one should remember that interference
is not depending of coherent behavior of many photons. We may compare this
with the double dlit experiment for electrons where interference can be seen as a
single particle effect. Many electrons are needed to build up the interference pat-
tern, but no coherent effect between the states of different electronsisneeded. The
interference can be seen as a single-electron effect, but the geometry of the exper-
iment introduces a correlation in space between the pattern associated with each
particle so that a macroscopic pattern can be built. In the same way we may in-
terprete interference in incoherent light to be a single-photon effect. Each photon
interfers with itself, without any coherence with other photons. But they all see
the same geometrical structure of the slitsand this creates a correl ated interference
pattern.

4.2.3 Photon emission and photon absor ption

We shall in the following consider processes where only a single electron isin-
volved. To be more specific we may consider transitions in alkali atoms, with a
single electron in the outermost shell, where the electron either absorbs or emitsa
photon. The full Hamiltonian has the form

H = A" + A3 + H,yy (4.82)
where
oot ]32
e (4.83)

is the unperturbed Hamiltonian of the electron, which moves in the electrostatic
potential V' from the charges of the atom. The transitions are induced by the
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interaction part of the Hamiltonian of the electron and electromagnetic field,

~ “§.B®) (4.84)
mc 2mc mc
where t is the electron coordinate and p is the (conjugate) momentum operator.
The g-factor of the electron has here been set to 2.

The two first terms in H;,; are charge interaction terms which describe in-
teractions between the charge of the electron and the electromagnetic field. The
third term is the spin interaction term, which describes interactions between the
magnetic dipole moment of the electron and the magnetic field. We note that
to lowest order in perturbation expansion, the the first and third term of the in-
teraction Hamiltonian (4.84) describe processes where a single photon is either
absorbed or emitted. The second term describe scattering processes for a single
photon and two-photon emission and absorption processes. The second term is
generally smaller than the first term and in a perturbative treatment it is natural
to collect first order contributions from the second term with second order con-
tributions from the first term. This means that we treat the perturbation series as
an expansion in powers or the charge e (or rather the dimensionles fine-structure
constant) rather than in the the interaction H,,;.

The spin interaction term is also generally smaller than the first (charge in-
teraction) term. However there are different selection rules for the transitions
induced by these two terms, and when the direct contribution from the first term
is forbidden the spin term may give an important contribution to the transition.
However, we shall in the following restrict the discussion to transitions where
the contribution from the first term is dominant. For simplicity we use the same
notation H;,,; when only thefirst termisincluded.

The interaction Hamiltonian we may now separated in a creation (emmision)
part and an annihilation (absorption) part

f{mt - ﬁemz’s + -[;[abs (485)

Separately they are are non-hermitian with 7! . = H,,.. Expressed in terms of

emls

photon creation and annihilation operators they are

A

_ x AT —i(kr—wit
Hemis = Z va p * €y € ( k)

A

Habs - Z 2Vwk p ekaakae iler—wit) (486)
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Note that when written in this way the operators are expressed in the interaction
picture where the time evolution is determined by the free (non-interacting) the-
ory. The time evolution of the state vectors are in this picture determined by the
interaction Hamiltonian only, not by the free (unperturbed) Hamiltonian. This
picture is most conveniently used in a perturbative expansion, as already given as
Equation (1.56) in section (1.1).

From the above expressions we can find the interaction matrix elements corre-
sponding to emission and absorption of a single photon. We write the initial and
final states as

|Z> - |Aanka>
f) = |B,mka 1) (4.87)

where | A) isthe (unspecified) initial state of the atom (i.e., the electron state), | B)
isthefinal state of the atom, and n,, isthe photon number of theinitial state. This
means that we consider transitions between Fock states of the electromagnetic
field.

For absorption the matrix element is

<B7nka - ]-|]:Iint|Aanka> = <B7nka - 1|Habs|A;nka>

€ h A ~ i(kr—w
- _E 2Vwk <37 Nka — 1|p * €kalka® (k kt)’A7 nka>
€ hnka ~ _jk-r —iw
= =\ 2y, G (BIBET| AT (4.88)

and the corresponding expression for photon emission is

<37 Nka + ]-’f{zm‘|Au nka> - <B, Nka + 1|Hemis’A7 nka>

[ h ~ *x A —i(kr—w
- _E m <Bv Nkq + 1|p : 6kaairca6 (k kt)|A7 nka>

o € h(nka + 1) * ~ —ikr iwit

=- W €., - (B|pe |A)e (4.89)
In the final expressions of both (4.88) and (4.147) note that only the matrix ele-
mentsfor the electron operator between theinitial and final states A and B remain,
while the effect of the photon operators is absorbed in the prefactor, which now
depends on the photon number of theinitial state.



130 CHAPTER 4. THE QUANTUM THEORY OF LIGHT

It isof interest to note that the electron matrix elements found for the interac-
tions with a quantized electromagnetic field is quite analugous to those found for
interaction with a classical time-dependent electromagnetic field of the form

A(r,t) = Ag e'trmert) 4 AG emillor—ad) (4.90)

where the positive frequency part of thefield (i.e., theterm proportional to e~**")
corresponds to the absorption part of the matrix element and the negative fre-
quency part (proportional to e***)) corresponds to the emission part. The use of
thisexpression for the A-field gives a semi-classical approach to radiation theory,
whichin many casesis completely satisfactory. It works well for effectslike stim-
ulated emission where the classical field correspondsto alarge value of the photon
number in theinitial state and where the relation between the amplitude of the os-
cillating field and the photon number is given by (4.88) and (4.147). However,
for small photon numbers one note the difference in amplitude for emission and
absorption. Thisdifferenceis not reflected in the classical amplitude (4.90). Inthe
case of spontaneous emission, with ny, = 0 intheinitial state, the quantum theory
correctly describes the transition of the electron from an excited state by emission
of a photon, whereas a semiclassical description does not, since electronic transi-
tions in this approach depends on the presence of an oscillating electromagnetic
field.

4.2.4 Dipole approximation and selection rules

For radiation from an atom, the wave length of theradiation field istypically much
larger than the dimension of the atom. This difference is exemplified by the wave
length of blue light and the Bohr radius of the hydrogen atom

h2
Aptue A 400nM - ap = 47— ~ 0.05nm (4.91)
me

This means that the effect of spacial variations in the electromagnetic field over
the dimensions of an atom are small, and therefore the time-variations rather than
the space variations of the field are important. In the expression for the transition
matrix elements (4.88) and (4.147) this justifies an expansion of the phase factors
inpowersof k - r,

‘ 1
etikr — 1iik-r—§(k-r)2+... (4.92)
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where the first term is dominant. The approximation where only this term is kept
isreferred to as the dipole approximation. The other terms give rise to higher mul-
tipole contributions. These may give important contributions to atomic transitions
only when the contribution from the first term vanishes due to a selection rule.
However the transitions dominated by higher multipole terms are normally much
slower than the ones dominated by the dipole contribution.

When the dipole approximation isvalid, the matrix elements of the interaction
Hamiltonian simplify to

e | hngg

B a_]-]:IasAa a = T Al 57 a’ iyt
(B, nx | Haps| A, nica) m\ 2V, €ka " PBA €
- e [h(nk,+1) i
<B7 Nka + 1|Hemis|Aa nka> = _E (21‘(/0016 ) €xq "PBA € K (493)

where pz 4 iSthe matrix element of the operator p between the states | A) and | B).

It is convenient to re-express it in terms of the matrix elements of the position

operator #, which can be done by use of the form of the (unperturbed) electron
Hamiltonian,

lﬁ[gtom — f)_2

2m

+ V() (4.94)

where V(&) isthe (Coulomb) potential felt by the electron. This gives

[ﬁgwm, r} = —@'%13 (4.95)

With the initial state |a) and the final state | B) as eigenstates of H¢, with eigen-
values £, and Eg, we find for the matrix element of the momentum operator
between the two states

.m .
PBA :zE(EB — EA)rpa = imwpa 'pa (4.96)

Note that in the expression for the interaction the change from pz4 to rz4 corre-
sponds to a transformation

‘A p—-SrA—er-E (4.97)

mc C

where the last term is identified as the electric dipole energy of the electron.
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By use of the identity (4.96) the interaction matrix elements are finally written

~ hnkawpa ’
. —twpt
(B, nia — U Haps| A, maa) = iy —oy ke TmaC K

. BNy + 1 ‘
(B, nxa + 1| Hemis| A, nia) = —ie\/ (e 2+V Jwap €, Tpa €“r

as

(4.98)

In these expressions we have used energy conservation, by setting w, = wg4 for
photon absorption and wy, = w4 for photon emission.

Selection rules
The matrix elements

rpa = (BIF|A) (4.99)

are subject to certain selection rules which follow from conservation of spin and
parity. Thus, the operator 1 transforms as a vector under rotation and changes sign
under space inversion. Since avector isaspin 1 quantity, the operator can change
the spin of the state | A) by maximally one unit of spin. Physically we interpret
this as due to the spin carried by the photon. The change in sign under space
inversion corresponds to the parity of the photon being —1. This change implies
that the parity of the final state is opposite that of the initial state.

L et us specifically consider the states of an electron in ahydrogen (or hydrogen-
like) atom. We assume that the state A is characterized by a spin [, and a spin
component in the z-direction m 4, while the parity is Py = (—1)". The corre-
sponding quantities for the state B are iz, m 4 and Pz = (—1)'2. We note that the
change in parity forces the angular moment to change by one unit (14 # (g). The
selection rulesfor the electric dipole transitions (referred to as £'1 transitions) are

Al = +1 (I4#0), Al=lg—1Ia
Al = 41 (I4=0)
Am = 0,+£1, Am =mp —mg (4.100)
The transitions that do not follow these rules are “forbidden” in the sense that

the interaction matrix element vanishesin the dipole approximation. Nevertheless
such transitions may take place, but as a much slower rate than the £'1 transitions.
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They may be induced by higher multipole terms in the expansion (4.92), or by
higher order termsin A which give rise to multi-photon processes. The multipole
termsinclude higher powersin the components of the position operator, and these
terms transform differently under rotation and space inversion than the vector r.
As a consequence they are restricted by other selection rules. Physically we may
consider the higher multipole transitions as corresponding to non-central photon
emmision and absorption, where the total spin transferred is not only due to the
intrinsic spin but also orbital angular momentum of the photon.

4.3 Photon emission from excited atom

In this section we examine the photon emission process for an excited atom in
some more detail. We make the assumption that the atom at agiveninstant ¢t = ¢;
isin an excited state | A) and consider the amplitude for making a transition to a
state | B) at alater time ¢ = ¢, by emission of a single photon. The amplitude is
determined to first order in the interaction, and the transition probability per unit
time and and unit solid angle for emission of the photon in a certain direction is
evaluated and expressed in terms of the dipole matrix element. We subsequently
discuss the effect of decay of the initial atomic state and its relation to the forma-
tion of aline width for the photon emission line.

4.3.1 First order transition and Fermi’sgolden rule

The perturbation expansion of the time evolution operator in the interaction pic-
tureis (see Eq. (1.56))

.ty . ty t
~ ~ 1 ~ ~
Upi(ty, ;) = 1 — % / dtHo (1) + 5(—%)2 / dt [ dt Foe(t) Hons () + ...
t; t; t

i

(4.101)
where the time evolution of the interaction Hamiltonian is
[:Imt(t) = G%H"t]:!mte_%ﬁot (4.102)
with H, as the unperturbed Hamiltonian. The transition matrix element between
aninitial state |¢) at timet; and final state | f) at timet; is

. ty
3 . . ? ~ ] i .
(FCra (1,801 = (F1i) = - i) [ b5
t;
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tf t
,ZQZ £ Hielm) (m] i) /dt/dteh(Ef Bulteh (BnB) |
m t

(4.103)

In this expressions we have assumed that the initial state |¢) and the fina state
|f) as well as a complete set of intermediate states |m) are eigenstates of the
unperturbed Hamiltonian H,. The corresponding eigenvalues are E;, Eyand E,,.
We perform the time integrals, and in order to simplify expressions we introduce
thenotationwy; = (E; — E;)/h, T =t; —t; and t = (t; +t¢)/2. To second order
in the interaction the transition matrix element is

<f|0mt(tf>ti)|i> = <f|2>

sinenT] (1 i) (| o )
R LR e

o N e ; <f!Hmt|m>(m|Hmt|>
—ie™rt N sin[=w,, Tle™@miT
; [2 smT] K2 Wem Wi

(4.104)

where we assume the diagonal matrix elements of H,,, tovanishin order to avoid
ill-defined terms in the expansion. The factor depending on ¢ is unimportant and
can be absorbed in a redefinition of the time coordinate so, that ¢ = 0. (The
interesting time dependence lies in the relative coordinate 7' = ¢y — t;.) The
last term in (4.121) does not contribute (at average) to low order due to rapid
oscillations. Without this term the result ssimplifiesto

sm[ wp; T

(FUimt(t5,t0)10) = (fi) ert Ty, (4.105)

hw fi

where 7y; is the T-matrix element

(| Hint ) (m | Hine i)

hwmi

7}1 = [<f|]:-’mt|2> - Z

m

+..] (4.106)

The transition probability for f £ i is

sin[twy; T ?
P (s Vit il N T 4.107
s ( b, >\f! (4.107)
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Figure 4.3: Frequency dependence of the transition probability. For finite tran-
sition time 7" the function has a non-vanishing width. In the limit 7' — oo the
function tends to a delta-function.

Also thisis an oscillating function, but for large 7" it gives a contribution propor-
tional to 7T'. To see thiswe consider the function

f(z) = (Sinx)Q (4.108)

T

Thefunctionisshowninfig.(4.3.1). Itislocalized around = = 0 with oscillations
that are damped like 1 /22 for large z. The integral of the function is

/ flx)=m (4.109)

o

The prefactor of (4.118) can be expressed in terms of the function f(z) as

. 2
sin[gwy; T T 1
27 = f(cwy T 4.11
( hewys a2 Gen 1) (4110
When regarded asafunction of wy; it getsincreasingly localized around wy; = 0 as
T increases. Inthelimit 7" — oo it approaches a delta function, with the strength

of the delta function being determined by the (normalization) integral (4.109),

(sin[%wﬁ T]

2
1
—mhT ; 4111
h )nwh o (4.111)

This gives a constant transition rate

wp = 2 = T3 20(E — E) (4.112)
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where 7;; to lowest order in the interaction is simply the interaction matrix ele-
ment. When applied to transitionsin atoms the epression (4.112) for the transition
rate is often referred to as Fermi’s golden rule. The delta function expresses en-
ergy conservation in the process. Note, however, that only inthelimitT" — oo the
energy dependent function isrealy adeltafunction. For finite timeintervalsthere
is a certain width of the function which means that £/, can deviate slightly from
E;. This apparent breaking of energy conservation for finite times may happen
since E; and E; are eigenvalues of the unperturbed Hamiltonian rather than the
full Hamiltonian. In reality the time 7' cannot be taken to infinity for an atomic
emission process, since the excited state has a finite life time. The width of the
energy-function then has a physical interpretation in terms of aline width for the
emission line.

4.3.2 Emission rate

We consider now the case where initially the atom is in an excited state A and
finaly in a state B with a photon being emitted. Theinital and final states of the
full guantum system are

i) = [A,0), [f) =B, k) (4.113)

where 0 in the initial state indicates the photon vacuum, while 1,,, indicates one
photon with quantum numbers ka. We will be interested in finding an expression
for the differential transition rate, i.e., the transition probability per unit time and
unit solid angle, as well asthe total transition rate.

We write the transition rate summed over all final states of the photon as

2 ~
wpa = Zf <B;1ka|Hemis|A70>|25(EA_EB _hwk)
ka

; 2m .
k32 (B, kol Hemis | A, 0)6(Ea — Ep — he)

1% 7 )
= G /dQ/dWZ (B, il Humis | A, 0Y28(Ex — Er — husy)
7T . .

VwBA

= W/dQZ| B 1ka|Hemzs|A O>|

(4.114)
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wherein theintegration over £ the deltafunction fixesthe frequency of the emitted
photon to match the atomic frequecy wy, = wap = (E4 — Ep)/h. Theintegrand
gives the differential emission rate, which in the dipole approximation is

dwpa  €wip
dQ  8w2he?

2

(rBa - €q)
(4.115)

where €, isthe polarization vector of the emitted photon.
Summed over photon states we have

rpa - kK)?
> (rpa- €)= Thy — % (4.116)

a

From this we find the total transition rate into all final states of the photon,

_ ewAB/ Q (rpa - k)
Wpa s2nes | @ K2 ]

= WJ /d@sm@ (1 — cos®6)
m

= Sulsrhs (4.117)

where « is the fine structure constant. This expression shows how the transition
rate depends on the dipole matrix element and on the energy released in the tran-
sition.

The formalism employed here for the case of spontaneous emission can also
be used to describe photon absorption processes and scattering of photons on
atoms. In the latter case the amplitude should be cal culated to second order in the
electric charge, and that would involve the A - A-term as well asthe A - p-term
of the interaction. We note from the expression (4.117) that the emission rate
increases strongly with the energy of the emitted photon. To a part that can be
seen as a density of states effect, since for high energy photons many more states
are avaliable (within an energy interval) than for low energy photons. This is
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shown explicitely in (4.114). A similar effect takes place when light scattering is
considered. Thisgives aqualitative explanation for why bluelight is more readily
scattered than red light, and thereby why the sky is blue and the sunset is red.

4.3.3 Lifetimeand linewidth

Fermi’s golden rule which gives a constant transition rate from the excited to the
lower energy level of the atom can be correct only in an approximate sense. Thus,
if the probability for atransition A — B is proportional to time ¢

PAAB(t) ~ thA (4118)
then the probability for the atom to remain in state A after timet is
PA(t) = 1- ZPAHB@)
B
~ 1-— tZwBA
B
= 1—t/74 (4.119)

where the sum is over al final states B to which atransition can take place. Ob-
viously this expression can be correct only for times¢ << 74. If we assume
exponential decay of the excited level, we may interpret the expression (4.119) as
the first termsin the expansion

Pyt)y=e ™ =1—t/ry+ ... (4.120)

where 74 = (X wpa) ™! givesthe life time of the excited state.
B

The decay of the initial state can be built into the expressions for the the
transitions to lower energy states in a simple way by including a damping fac-
tor exp(—t/274) as a normalization factor in the amplitude. For the transition
amplitude this gives a correction

(t—t;)

. ty
2 . ? 2 . (B —E)t —
Ol i) = = (Vi) [ dteF B0 50
t;

. ts
_%<f|[:]int|i>eti/TA /dte%(Ef_Ei+%FA)t + ..
ti
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-10

Figure 4.4: Level broadening. The emission probability given by Wy, =
|(f| Hing 3|2/ [(hewyi)? + 1T2] is shown as a function of wy;.

F <f|gmt|lz>r (e%(Ef—Ei)tfe‘%FA)(tf—ti) — 6%(Ef_Ei)ti) 4o
fF—Litgla

<f\Hmt|l> e (Br=Eti 4 (4.121)
Ef — EZ + %FA

We have hereintroduced I' y = h/74 and at the last step assumed ¢, — t; >> 74.
As before theinitial stateis |i) = | A, 0) and thefinal stateis|f) = |B; 1k,). For
the transition probability this gives

|(f | Hine)|?
(Ef — E;)? + 1T
Viewed asafunction of wy; = (Ef — E;)/h = (Ea — Eg)/h — wy, thetransition
probability is no longer proportina to a delta function in the difference between
the inital and final energy. The delta function is replaced by a Lorentzian, which
is strongly peaked around wy; = 0, but which has a width proportional to I'4.
For the emitted photon thisis trandlated to afinite line width for the emission line
corresponding to the transition A — B. |f we compare the two figures (4.3.1)
and (4.3.3) we note that a finite cut-off in the time integral (i.e., a finite value
of T' = t; — t; gives essentially the same frequency dependence for the emitted
photon as the one obtained by an exponential damping due to the finite life time
of theinitial atomic state.

Wefinally notethat sinceI" 4 depends on the transition probabilities, to include
it in the lowest order transition amplitude means that we effectively have included
higher order contributions. Thismeansthat the perturbative expensionisno longer
an order by order expansion in the interaction Hamiltonian.

Wy = ¥ (4.122)
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Figure 4.5: Schematic representation of alaser. A gas of atomsis trapped inside
a Fabry-Perot cavity with reflecting walls. The atoms are pumped to an excited
state that subsequently make transitions to a lower energy mode. The emitted
photons resonate with a longitudinal mode of the cavity and build up a strong
field in this mode. Some of the light from this mode escapes through a hole to
form a monochromatic laser beam.

4.4 Stimulated photon emission and the principle of
lasers

As we have already noticed, the rate for stimulated emission of a photon by an
atomic transition is larger than the corresponding spontaneous emission. Thus, to
lowest order in the interaction the transition probability by photon emission into
a given mode is enhanced by a factor n equal to the number of photons already
present in the mode. Thismeansthat if an atom in an excited state emits a photon
with equal probability in al directions, the same atom, when placed in a strong
field which resonates with the atomic transition, will preferably emit the photon
into the mode that is already occupied. However, in free space, since a continuum
of modes is available, the probability for emission into the preferred mode may
still be small.

A laser isbased on the principle of stimulated emission, but the probability for
emission into the preferred mode is enhanced by use of a reflecting cavity. The
boundary conditions imposed by the reflecting mirrors of the cavity reduce the
number of available electromagnetic modes to a discrete set, and the trapping of
the photons makes it possible to build a large population of photons in one of the
modes.

A schematic picture of alaser isshown in fig.(4.4) where aelongated cavity is
filled with gas of (Rubidium) atoms. These are continuously excited (pumped) to
an excited state. The excited atoms make a transition to a lower energy state and
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emits a photon with energy that matches one of the modes that fits the distance
between the mirrors in the longitudinal direction. The emission tend to increase
the excitation of the preferred mode to a high level. Some of the light that builds
up inside the cavity escapes through asmall holein one of the mirrorsin the form
of amonochromatic laser beam.

The laser light is a beam of coherent or classical light in the sense previously
discussed. The reason for this coherence is that the photons emitted by the atoms
in the cavity tend to act coherently with the light already trapped in the cavity.
However, even if the light to a high degree is coherent, there will be some inco-
herent admixture due to sponateous emission. In the following we shall discuss
the mechanism of the laser in some more detail.

441 Threelevel modd of alaser

We consider asimple model of alaser where asingle mode is populated by stimu-
lated emission. A three-level model is used for the atom, where most atoms arein
the ground state |0), but where there is a continuous rate of “pumping” of atoms
to a higher energy level |2), by a light source or some other way of excitation.
The atoms in the upper level next make transitions to an intermediate level |1) by
emission of aphoton. This may be by stimulated emission of a photon to the field
mode that is already strongly populated, or by spontaneous emission to one of the
other photon statesin the emission line. From the state |1) thereisafast transition
back to the ground state due to a strong coupling between the levels.
Due to the assumed strength of the transitions we have

Ny >> Ny >> N; (4.123)

This means that the number of atoms in the ground state N, is essentialy iden-
tical to the total number of atoms V. When we consider the two levels 1 and 2,
which are relevant for populating the laser mode, the inequality means that there
is population inversion, since the upper level is more strongly populated than the
lower mode. Population inversion is acondition for the atoms to be able to “feed”
the preferred photon mode.

When the atoms are pumped to a higher energy level this creates initialy a
situation where the photon modes within the line width of the transition 2 — 1
beginsto get popul ated, but where no single modeis preferred. Thisisan unstable
situation due to the effect of stimulated emission to preferrably populate a mode
which already is excited. Asaresult one of the modes will spontaneously tend to
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Figure 4.6: Transitions between three atomic levelsin alaser. R isthe pumping
rate from the ground state 0 to an excited state 2. Thetransition from level 2 to an
intermediate level 1 can go either by spontaneous emission (I';,), or by stimulated
emission (I'y; n) to the laser mode. n is the photon number of the laser mode. A
fast transition 7" brings the atoms back to the ground state. The direct transition
probability 2 — 0 isassumed to be negligible.

grow at the expense of the others. We will consider the situation after one of the
modes has been preferred in this way.

The transition from state 2 to 1 may now go in two ways, either by sponta-
neous emission to one of the modes that has not been populated or by stimulated
emission to the preferred (laser) mode. We denote the transition rate by spon-
taneous emission I'y, and by stimulated emission I'y; n, where n is the photon
number of the laser mode. The difference between I, and I'; is due to the large
number available for spontaneous emission compared to the single mode available
for stimulated emission. Typical values are

I, ~107s7!, Tym~1s! (4.124)

The smallness of I'y; is compensated by the factor n and when a stationary situa-
tion is reached the photon number n in the laser mode will be so large so that the
probabilities of the two types of transitions are comparable. Theratio

_ FSP
Ngat = F
st

(4.125)

isreferred to as the saturation photon number.
The quantum state of the laser mode should be described by a (mixed state)
density matrix p,,,,» rather than a (pure state) wave function. Thisis so since we
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cannot regard the electromagnetic field as a closed (isolated) system. It is a part
of alarger system consisting of both atoms and field, but even that is not a closed
system due to coupling of the atoms to the pumping field and due to the leak from
the laser mode to the escaping the laser beam and to the surroundings.

We will not approach the general problem of describing the time evolution of
the density matrix p,,,./, but rather show that the steady state form of the photon
probability distribution p,, = p,,, can be found with some simplifying assump-
tions. 7 Wefirst note that for the steady state there is a balance between transitions
to and from atomic level 2,

N()R = NQ(Fsp + Fstn) (4126)

where R isthe transition rate, per atom atom, from the ground state to the excited
state 2. We simplify this expression by replacing the photon number »n by its
expectation value (n). This means that we neglect the (quantum and statistical)
fluctuationsin the photon number, which we regard as small compared to its mean
value.

We next consider the photon probability distribution p,,. The time evolution of
the distribution is given by

dpn

% = N2Fst(np(n—1) - (n + 1)pn) - Fcav(npn - (TL + 1)p(n+1)) (4127)

where we have introduced the cavity loss rate per photon, I',,.. With |7|> asthe
transmission probability to the outside for each reflection and L as the length of
the cavity, itisgiven by T'.., = ¢|7|>/L. Thisgives for the time evolution of the
mean photon number

% = Nol'gy(1 4+ (n)) — Ty (n) (4.128)
with the steady state solution
Nol'g(1+ (n)) = Leap (n) (4.129)

This equation relates the number N, of atoms in level 2 to the average photon
number in the laser mode. We insert thisin the steady state equation (4.126), with
n replaced by (n), and we also replace N, by the total number of atoms N,

Tyl (7)? = (NRTy — T'yyTeq) (n) — NRDy = 0 (4.130)

"The discussion here mainly follows the approach of Rodney Loudon, The Quantum Theory of
Light, Oxford Science Publications, 2000.
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Figure 4.7: The photon number of the laser mode as a function of the parameter
C' = NR/(nsI'cay). The curve corresponds to a saturation photon number n, =
107.

By introducing the coefficient

C— I{V fFF * (4.131)
the equation simplifiesto
(n)* = (C —1)n, (n) —Cny =0 (4.132)
with solution
(n) = %[(0 — D+ [(C — 122 + 4Cn,]}] (4.133)

The expectation value for the photon number isin Fig. (4.4.1) shown asafunction
of the parameter C for n, = 107. Asa characteristic feature one notes that around
C = 1 the photon number rapidly increases from a small number to a number of
the order of n,. After thisrapid increase thereisacontinued less dramatic increase
where (n) changes linearly with C'.

The curve demonstrates the presence of athreshold for the laser around C' = 1.
For smaller values the effects of spontaneous emisssion and emission from the
cavity prevents the build up of the laser mode, while for larger values of C there
iIsanet input of photons into the mode which alows the photon number to grow to
alarge number.
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4.4.2 Quantum coherence

So far we have considered the expectation value of the photon number, which can
increaseto alargevaluefor C' > 1. Thisimpliesthat the modeis strongly excited,
but does not necessarily mean that it isin a coherent state that can be described
by a (classical) monochromatic wave. For this to be the case fluctuations of the
field variables have to be restricted. The fluctuations in the photon number can
be determined from the evolution equation of the probability distribution (4.127),
which for a stationary situation is

NQFst(np(n—l) - (n + 1)pn) = Fcav(npn - (n + 1)p(n+1)> (4134)

This should be satisfied for al n, including n = 0 with p_; = 0, and from thiswe
conclude that following simpler equation has to be satisfied

N2Fstp(n—1) = I'cavPn (4135)

With the occupation number N, determined by (4.126), we get

B NRI
o= Fcav(Fsp + Fst(n - 1))p(n71)

B Cnyg

 ng+n-— 1p(n—1)
(4.136)

By repeated use of the equation we find
Cng)"(ngs — 1)!
pp= Gl D (4.137)

(ns+n—1)

where p, is determined by the normalization of the probability distribution.
Well above the laser threshold, C' >> 1, the we have

(n) = (C = 1)n, (4.138)

asfollows from Eq. (4.133). By use of this expression for C, the distribution can
be re-written as

ns!po (4.139)

n:
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We note that this distribution has a form very similar to that of a coherent state,
which we can write as

e 4 4.140

The n-dependence is the same, except for a shift n + n,. For the coherent state
the width of the distribution is given by the variance

(An)%, = (n) (4.141)
whereas, due to the shift, the width of the probability distribution (4.139) is
(An)? = (n) + n, (4.142)

For large photon numbers, (n) >> n, the last term can be neglected and the vari-
ance is the same as expcted for a coherent state. However, for smaller values n
introduces a non-negligible contribution to the fluctuation in the photon number.
This can be interpreted as the influence of spontaneous emission: It affects the
fluctuationsin the occupation number N, which in turn influences the fluctuations
in the photon number of the laser mode through stimulated emission.

The fluctuation in photon number only describes a part of the fluctuations of
the laser field. If we compare with a coherent state, of the form
—Llaf?

la) = e (4.143)

T o

=Vl
the probability distribution p,, gives information about the absolute square of the
n-components, here given by |a|*", but there is no information about the relative
phases of the components. To get information about the fluctuations both in abso-
lute value and in phase, we may for a general state i) consider the overlap with
acoherent state |¢) as afunction of the complex coordinate ¢,

Fo(Q) = ISl ? (4.144)
For the coherent state |«) the function is
fu(Q) = e7lemer (4.145)

which meansthat it is strongly localized around the point o in the complex (phase)
plane. A Fock state, with awell defined photon number is on the other hand given

by

fa(¢) =

’C’i” (4.146)

n.
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Figure 4.8: The complex phase plane of asingle electromagnetic mode. A photon
state is represented by the overlap with a coherent state (). Theradial coordinate
correspond to the direction of increasing energy (or photon number), while the an-
gular variable correspond to the phase of the electromagnetic wave. A Fock state
(blue), with sharp photon number, is completely delocalized in the angular direc-
tion. A coherent state is well localized in both directions. The photon creation
operator &', when acting on a coherent state will shift it in the radial direction.

which depends only on the modulus of ¢, and which therefore localized in aring
in the complex plane.

Even if the photon probability distribution of the laser mode approaches that
of a coherent state for large photon numbers, this does not determine the angu-
lar distribution of the state. To have well defined values for for the electric and
magnetic fields, like in the case of coherent states, a restriction on the fluctua-
tionsin the angular direction is needed. We will not discuss this question in depth
here, which would require that we consider the evolution of the density matrix,
including its off diagonal matrix elements. Instead we shall make the coherence
probable by considering the effect of the emission Hamiltonian on a state that is
already coherent.

The matrix element of the emission matrix element between the two atomic
states 2 and 1 isin the dipole approximation

. I
(U Homis|2) = —ieﬂ% r1s-€dl =mal (4.147)

In this expression V' is the volume of the cavity, and the quantum numbers of the
photon mode has been omitted since we consider only stimulated emission to a
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single mode. Since the prefactor of the photon creation operator is independent
of the photon number they are collected in the constant m. The transition 2 — 1
will therefore, when we consider thisas afirst order effect change the state simply
by the action of af. If the photon state is before the transition well described by a
coherent state « this gives a change

la) — |a&) = Na'|a) (4.148)

where A is anormalization factor.
With |&) normalized to unity, the spread of the state in the complex phase
planeis

IVT2[(¢lat|a)
‘CP 67|<7&|2
a2 +1

Ja(C)

(4.149)

For large photon number, corresponding to large |a|?, it is convenient to change
variableto ¢ = ¢ — «, which by the gaussian factor is restricted to values of the
order of unity. Thisgives

fa(€) = INPI(Clalla)f?
la]? + af* + a*E + We—'ﬂZ
laf?2 +1
£ & 1¢ ¢ 35
~ e[+ |+ Gt am )

(4.150)

where the last expression is correct to order 1/|«|?. The linear termsin & and ¢*
show that the location of the state is slightly shifted by the action of the photon
creation operator. Thisis due to the added energy. The shift isin the radial direc-
tion in the complex plane, with the value proportional to 1/|a| = 1/ m . There
are aso quadratic terms, which show that the width of the gaussian is dightly
changed. But these are of the order of 1/|a|> = 1/(n), and are therefore less
important than the shift for large photon numbers.

Even if this discussion does not show how coherence of the laser mode is
created, it shows that the action of the stimulated emission on the photon state is
mainly to increase its energy, and only to alesser degree to change the coherence
of the state. However, the rotational invariance in the complex shows that thereis
no preferred value for the complex phase of «.. The effect of spontaneous emission
will in reality be to introduce a slow, random drift in the phase of the laser mode.



